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ABSTRACT
Extracting the bispectrum information from the large scale structure observations is challenging due to the
complex models and the computational costs to measure the signal and its covariance. Recently, the skew
spectrum was proposed to access parts of the bispectrum information with a more effective way and has been
confirmed it can provide complementary information to that enclosed in the power spectrum measurements. In
this work, we generalize the theory to apply the multitracer technique and explore its ability to constrain the local
type primordial non-Gaussianity. Using the spectra and their covariance estimated from N-body simulations,
we find the multitracer approach is effective to reduce the cosmic variance noise. The 1σ marginalized errors
for b21As,ns and f
loc
NL are reduced by 50%, 52% and 73% comparing with the results using only power spectrum
obtained from a single tracer. It indicate that both the skew spectrum and the multitracer technique are useful to
constrain the primordial non-Gaussianity with the forthcoming wide-field galaxy surveys.
Keywords: cosmology: theory — large-scale structure of universe — cosmological parameters
1. INTRODUCTION
The standard inflationary paradigm predicts a flat universe
perturbed by nearly Gaussian scale-invariant primordial per-
turbations. These predictions have been extensively probed
by the increasingly precise measurements of the cosmic mi-
crowave background (CMB) (Aghanim et al. 2018). Differ-
ent from the CMB, the large scale structure (LSS) contains 3-
dimensional distribution information of the galaxies on large
scales, which are caused by the nonlinear evolution due to
the gravitational instability. The upcoming wide-field galaxy
surveys, such as DESI (Aghamousa et al. 2016), EUCLID
(Amendola et al. 2018) and LSST (Abell et al. 2009), can
provide complementary information on the origin of our Uni-
verse and its late-time evolution.
The traditional method to extract the cosmological infor-
mation from the LSS is measuring the 2-point correlation
function or the power spectrum in Fourier space. However,
due to the late-time gravitational instability, the galaxy distri-
bution at low redshift is highly non-Gaussian, even for Gaus-
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sian initial conditions. To obtain more information form the
same surveys, higher-order statistic will be an intuitionistic
method to apply, such as 3-point correlation function and
bispectrum (Matarrese et al. 1997; Verde et al. 1998; Scocci-
marro 2000; Sefusatti et al. 2006; Hoffmann et al. 2015). Ac-
tually, the bispectrum has been measured using galaxy sur-
vey data (Scoccimarro et al. 2001; Verde et al. 2002; Marin
et al. 2013; Gil-Marn et al. 2015a) and has been proven use-
ful to break degeneracies among cosmological parameters
which arise from considering the power spectrum alone (Gil-
Marn et al. 2015b, 2017). With the forthcoming surveys,
the higher-order statistics can reach a much larger signal-to-
noise ratio, and provide a wealth of information.
However, due to the complicated triangle configurations
and orientations, it requires significant computational efforts
to measure the bispectrum signal and its covariance, and is
more challenging to compare the theoretical models with
measurements. To bypass these problems, there are sev-
eral proxy statistics proposed to compress the bispectrum
to a pseudo-power spectrum, which only depend on one
wavenumber but contain some of the information enclosed in
the bispectrum. One of the approaches is the integrated bis-
pectrum proposed by Chiang et al. (2014), which is generated
by cross correlating the position-dependent power spectrum
with the mean overdensity of the corresponding subvolume.
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This measurement contains the bispectrum information on
squeezed configuration and has been detected using real data
(Chiang et al. 2015). The order method is the skew spec-
trum which was first studied in CMB (Cooray 2001; Mun-
shi & Heavens 2010), and then adopted to LSS (Pratten &
Munshi 2012; Schmittfull et al. 2015; Munshi & Coles 2017;
Moradinezhad Dizgah et al. 2020; Dai et al. 2020). The skew
spectrum is obtained by cross correlating the square of a field
with the field itself, and has been proven that it is an effec-
tive method to access complementary information to that en-
closed in the power spectrum measurements using N-body
simulations.
Primordial non-Gaussianity (PNG) is one of the most im-
portant fingerprints of inflation and can be used to discrim-
inate between the vast array of inflationary scenarios. Cur-
rently, the most strict constraints have been achieved by the
CMB temperature anisotropies and polarizations, and the
amplitudes of the local, equilateral, and orthogonal types are:
f locNL =−0.9±5.1; f equilNL =−26±47; and f orthoNL =−38±24
at 1σ statistical significance (Akrami et al. 2019). However,
such strict constraints on fNL have not been obtained from
LSS measurements, although the halo bias can be greatly af-
fected by relatively small values of fNL as shown by Grossi
et al. (2009) using numerical simulations. The latest con-
straints on f locNL was from the BOSS quasar samples, and the
result is−51< f locNL < 21 at 95% confidence level (Castorina
et al. 2019). Dai et al. (2020) has shown that with the mea-
surements of skew spectrum, the 1σ marginalized error for
f locNL can be reduced by 44% although with a large smoothing
filter, which suggests the skew spectrum is an effect method
to constrain the PNG without significant computational costs.
Another import issue is that the clustering analysis at large
scales where the PNG signal is most significant is limited by
the cosmic variance (CV). A possible method to reduce the
CV is the multitracer technique (Seljak 2009; Slosar 2009;
Ferramacho et al. 2014; Yamauchi et al. 2014; Fonseca et al.
2015; Yamauchi et al. 2017) which can significant improve
the statistical errors using different biased tracers. For two
different tracers δi and δ j, we can obtain 4 cross skew spec-
tra from δ 2i × δ j, δ 2j × δi, δiδ j × δ j, δiδ j × δi, and there is
only one cross power spectrum from δi× δ j. We expect that
we can obtain a tighter constraints on f locNL using multitracer
technique for skew spectrum.
In this paper, we build on our previous work (Dai et al.
2020) and include the multitracer technique. We simply di-
vide our simulated halo catalog into two parts, and then cal-
culate the cross power spectra and skew spectra to find the
extra information the multitracer technique can give us. The
rest of the paper is organized as follows. In Sec. 2 we briefly
review the full expression for the skew spectrum including
both the primordial non-Gaussianity and the late-time non-
Gaussianity, then we extent our theory to apply the multi-
tracer technique. In Sec. 3 we show how we divide our
N-body simulation catalog and derive the covariance of the
power spectra and skew spectra. In Sec. 4 we list the con-
straint results and conclude in Sec. 5. We also derive the
Poisson shot noise contributions to the galaxy power spec-
trum and skew spectrum in App. A.
2. METHODOLOGY
2.1. General expression for matter skew spectrum
To begin with, we define the matter overdensity field
δ (~x) = δρ(~x)/ρ¯ where ρ¯ is the spatial average of the mat-
ter density. We can write the 3-point correlation function as
ξ (3)(~x1,~x2,~x3) = 〈δ (~x1)δ (~x2)δ (~x3)〉 . (1)
This is a well known statistic to extract the extra information
not present in the power spectrum. However, as we explained
before, it is challenging to measure form LSS data.
To simplify the 3-point correlation function, we can as-
sume ~x3 in Eq. (1) is located at the same point as ~x1, which
means we cross correlate the square of the field δ 2 with the δ
field itself. This statistic is called the skew correlation func-
tion, and due to the cosmological principle, it depends only
on the magnitude of the separation vector:
ξ (s)(x12)≡ ξ (3)(~x1,~x1,~x2) = ξ (s)(|~x1−~x2|). (2)
Following Dai et al. (2020), we can perform the Fourier
transformation of this equation to obtain the matter skew
spectrum:
P(s)m (k) =
∫ d3~q
(2pi)3
Bm(k,q, |~q−~k|)
=
∫ 1
−1
dµ
∫ dq
(2pi)2
q2Bm(k,q,α(µ)),
(3)
where Bm(k,q, |~q−~k|) is the bispectrum of the overdensity
field, µ =~k ·~q/kq and α =
√
q2+ k2−2µkq ensures that the
wavenumbers correspond to the three sides of a triangle.
In order to calculate the matter skew spectrum, we need
to explicit the matter bispectrum Bm whose main contribu-
tions are from primordial perturbations Bm,I and gravitational
instability Bm,G. Here we discuss these two effects sepa-
rately. This part has been widely studied in Pratten & Munshi
(2012); Schmittfull et al. (2015); Chan & Blot (2017a); Mun-
shi & Coles (2017); Moradinezhad Dizgah et al. (2020); Dai
et al. (2020). Since this paper focuses on the quasi-linear
scales, we only consider the leading order contributions in
the following analysis.
First, Let us begin with the local type primordial non-
Gaussianity which is the main target of this paper. The
Bardeen’s curvature perturbation during the matter era is
given by (Salopek & Bond 1990; Gangui et al. 1994; Verde
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et al. 2001; Komatsu & Spergel 2001),
Φ(~x) =ΦG(~x)+ f locNL
[
Φ2G(~x)−
〈
Φ2G(~x)
〉]
, (4)
where ΦG(~x) is a Gaussian field.
To characterize the matter bispectrum, we need to relate
the linear density fluctuations with the curvature perturba-
tions. In Fourier space, it can be written as,
δ (k)(1) =M(k,a)Φ(k); M(k,a) =
2k2T (k)D(a)
3ΩmH20
, (5)
where a is the scale factor, H0 is the Hubble constant, Ωm is
the current matter energy density parameter, T (k) is the mat-
ter transfer function and D(a) is the growth factor. It allows
us to write the matter bispectrum from primordial perturba-
tions as
Bm,I(k1,k2,k3) =M(k1)M(k2)M(k3)BΦ(k1,k2,k3) (6)
where BΦ(k1,k2,k3) is the leading order contribution to the
curvature field bispectrum, and it can be expressed as
BΦ ' 2 f locNL [PΦ(k1)PΦ(k2)+ cyc.] , (7)
where PΦ(k) = 〈Φ(k)Φ∗(k)〉 is the primordial spectrum.
Even for Gaussian initial conditions, our Universe is highly
non-Gaussian due to the late-time non-linear gravitational
evolution. Using perturbation theory, the matter density fluc-
tuations can be expressed as a series of corrections to the
linear solution δ (~k)(1) (e.g. (Bernardeau et al. 2002))
δ (~k) = δ (~k)(1)+δ (~k)(2)+δ (~k)(3)+ . . . , (8)
here we only keep the first two order, and δ (~k)(2) is given by
δ (~k)(2)=
∫
d3~q1d3~q2δD
(
~k−~q12
)
F2 (~q1,~q2)δ (~q1)(1)δ (~q2)(1),
(9)
where δD is the Dirac delta function and F2(~q1,~q2) is the
known second-order kernel of standard perturbation theory
F2 (q1,q2) =
5
7
+
x
2
(
q1
q2
+
q2
q1
)
+
2
7
x2, (10)
with x≡~q1 ·~q2/q1q2. Then the bispectrum generated by the
gravitational instability at leading order is given by
Bm,G (k1,k2,k3) = 2F2
(
~k1,~k2
)
Pm,L (k1)Pm,L (k2)+ cyc.,
(11)
where Pm,L (k) is the linear matter power spectrum. The gen-
eral expression for matter skew spectrum is
P(s)m (k) =
∫ 1
−1
dµ
∫ dq
(2pi)2
q2 [Bm,I(k,q,α)+Bm,G(k,q,α)] .
(12)
2.2. Galaxy skew spectra and power spectra for
multi-tracers
What we actually observe are galaxies and they are biased
tracers of the dark matter field. In this paper, we use a simple
prescription in Eulerian space, where the galaxy overdensity
is expanded in terms of the matter overdensity and the trace-
less part of the tidal tensor. Up to the second order, we have
(e.g. (Desjacques et al. 2018))
δg(x)' b1δ (x)+ 12b2δ
2(x)+
1
2
bK2
[(
∂i∂ j
∂ 2
− 1
3
δi j
)
δ (x)
]2
,
(13)
where b1, b2 are the linear and non-linear bias and bK2 is the
non-local tidal shear bias. As shown in Dai et al. (2020),
the effect of bK2 to the final results is not significant, so we
neglect the non-local term in the following analysis.
In Fourier space, the galaxy overdensity is given by
δg(~k)' b1δ (~k)+ 12b2
∫
d3~qδ (~q)δ (~k−~q). (14)
For a single tracer, the galaxy bispectrum at leading order can
be easily expressed as
Bg,1T (k1,k2,k3) =b31 [Bm,I (k1,k2,k3)+Bm,G (k1,k2,k3)]
+b21b2 [Pm,L (k1)Pm,L (k2)+ cyc.] ,
(15)
and then the galaxy skew spectrum is given by
P(s)g,1T(k) =
∫ 1
−1
dµ
∫ dq
(2pi)2
q2Bg,1T(k,q,α). (16)
The situation gets more complicated when we consider two
tracers which have different bias parameters: b[1]1 , b
[1]
2 for the
first tracer and b[2]1 , b
[2]
2 for the second tracer. For example,
we cross correlate the square of the first tracer (δ [1]g )2 with
the second tracer δ [2]g , and the skew correlation function is
given by
ξ (s)(x12) =
〈
δ [1]g (~x1)δ
[1]
g (~x1)δ
[2]
g (~x2)
〉
. (17)
The effect of the linear bias is straightforward, which can
be written as (b[1]1 )
2b[2]1 〈δ (~x1)δ (~x1)δ (~x2)〉. After Fourier
transformation, the galaxy skew spectrum due to the linear
bias is
P(s)g,2T(k)|LB =
∫ 1
−1
dµ
∫ dq
(2pi)2
q2(b[1]1 )
2b[2]1 ×
[Bm,I (k,q,α)+Bm,G (k,q,α)] .
(18)
The contribution of the non-linear bias to the correlation
function is
ξ (s)(x12)|NLB =12 (b
[1]
1 )
2b[2]2
〈
δ (~x1)δ (~x1)δ 2 (~x2)
〉
+b[1]1 b
[2]
1 b
[1]
2
〈
δ 2 (~x1)δ (~x1)δ (~x2)
〉
,
(19)
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and the corresponding skew spectrum is
P(s)g,2T(k)|NLB =
∫ 1
−1
dµ
∫ dq
(2pi)2
q2
{
(b[1]1 )
2b[2]2 Pm,L(q)Pm,L(α)
+b[1]1 b
[2]
1 b
[1]
2 [Pm,L(k)Pm,L(q)+Pm,L(k)Pm,L(α)]
}
.
(20)
To sum up, when considering two different tracers, we can
obtain six different skew spectra. We use the subscript (11,2)
to express the cross correlation spectrum of the square of the
first tracer (δ [1])2 with the second tracer δ [2]. The full ex-
pression of the six skew spectra are:
P(s)g,(11,1)(k)=
∫ 1
−1
dµ
∫ dq
(2pi)2
q2
{
(b[1]1 )
3 [Bm,I (k,q,α)+Bm,G (k,q,α)]+(b
[1]
1 )
2b[1]2 [Pm,L(k)Pm,L(q)+ cyc.]
}
, (21)
P(s)g,(22,2)(k)=
∫ 1
−1
dµ
∫ dq
(2pi)2
q2
{
(b[2]1 )
3 [Bm,I (k,q,α)+Bm,G (k,q,α)]+(b
[2]
1 )
2b[2]2 [Pm,L(k)Pm,L(q)+ cyc.]
}
, (22)
P(s)g,(11,2)(k)=
∫ 1
−1
dµ
∫ dq
(2pi)2
q2
{
(b[1]1 )
2b[2]1 [Bm,I (k,q,α)+Bm,G (k,q,α)] (23)
+(b[1]1 )
2b[2]2 Pm,L(q)Pm,L(α)+b
[1]
1 b
[2]
1 b
[1]
2 [Pm,L(k)Pm,L(q)+Pm,L(k)Pm,L(α)]
}
,
P(s)g,(22,1)(k)=
∫ 1
−1
dµ
∫ dq
(2pi)2
q2
{
(b[2]1 )
2b[1]1 [Bm,I (k,q,α)+Bm,G (k,q,α)] (24)
+(b[2]1 )
2b[1]2 Pm,L(q)Pm,L(α)+b
[1]
1 b
[2]
1 b
[2]
2 [Pm,L(k)Pm,L(q)+Pm,L(k)Pm,L(α)]
}
,
P(s)g,(12,1)(k)=
∫ 1
−1
dµ
∫ dq
(2pi)2
q2
{
(b[1]1 )
2b[2]1 [Bm,I (k,q,α)+Bm,G (k,q,α)] (25)
+(b[1]1 )
2b[2]2 Pm,L(k)Pm,L(q)+b
[1]
1 b
[2]
1 b
[1]
2 [Pm,L(k)Pm,L(α)+Pm,L(q)Pm,L(α)]
}
,
P(s)g,(12,2)(k)=
∫ 1
−1
dµ
∫ dq
(2pi)2
q2
{
(b[2]1 )
2b[1]1 [Bm,I (k,q,α)+Bm,G (k,q,α)] (26)
+(b[2]1 )
2b[1]2 Pm,L(k)Pm,L(q)+b
[1]
1 b
[2]
1 b
[2]
2 [Pm,L(k)Pm,L(α)+Pm,L(q)Pm,L(α)]
}
.
Finally it is necessary to review the galaxy power spectra
for multi-tracers. Since we only focus on k < 0.1 hMpc−1,
it is sufficient that we only consider the leading order of the
power spectrum. There are three power spectra for two dif-
ferent tracers, which are
Pg,(1,1)(k) = (b˜
[1])2Pm,L(k), (27)
Pg,(2,2)(k) = (b˜
[2])2Pm,L(k), (28)
Pg,(1,2)(k) = b˜
[1]b˜[2]Pm,L(k), (29)
where the tilde above the bias parameters means the galaxy
power spectrum can be greatly affected by relatively small
values of f locNL via the large-scale bias (Dalal et al. 2008;
Grossi et al. 2009; Wagner et al. 2010; McDonald 2008;
Matarrese & Verde 2008; Sefusatti et al. 2009; Dai & Xia
2020), the relationship between b1 and b˜1 is given by
b˜1−b1
b1−1 = 2 f
loc
NL
δc
M(k,z)
q , (30)
where δc ' 1.686 is the threshold for collapse and the cor-
rection q= 0.75 is calibrated from N-body simulations (Mc-
Donald 2008)
2.3. Shot noise
Due to the discrete distribution of galaxies, both power
spectrum and skew spectrum have additional stochasticity
contributions. In this work, we consider the Poisson model
and the number density of the tracers is given by
n(~x) =∑
i
δD(~x−~xi), (31)
the discrete density contrast is defined as
δg =
n(~x)
n¯
−1, (32)
here n¯ ≡ 〈n(~x)〉 is the mean number density. Chan & Blot
(2017b) derived the Poisson shot noise of the 2-point and
3-point functions detailedly. Following their work, we de-
rive the shot noise contributions to power spectrum and skew
spectrum in App. A. The results are listed below, where we
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use S(k),S(s)(k) to express the shot noise of power spectrum
and skew spectrum, respectively.
S(1,1)=
1
n¯1
, (33)
S(2,2)=
1
n¯2
, (34)
S(1,1)=0, (35)
S(s)
(11,1)=
∫ d3~q
(2pi)3
[
1
n¯1
(Pg(k)+Pg(q)+Pg(α))+
1
n¯21
]
,(36)
S(s)
(22,2)=
∫ d3~q
(2pi)3
[
1
n¯2
(Pg(k)+Pg(q)+Pg(α))+
1
n¯22
]
,(37)
S(s)
(11,2)=
∫ d3~q
(2pi)3
1
n¯1
Pg,(1,2)(k), (38)
S(s)
(22,1)=
∫ d3~q
(2pi)3
1
n¯2
Pg,(1,2)(k), (39)
S(s)
(12,1)=
∫ d3~q
(2pi)3
1
n¯1
Pg,(1,2)(q), (40)
S(s)
(12,2)=
∫ d3~q
(2pi)3
1
n¯2
Pg,(1,2)(q). (41)
2.4. Smoothing
Even if we truncate the wavenumber range at quasi-linear
scales, the galaxy skew spectrum still contains the highly
non-linear information due to the integral over ~q. How-
ever, the second-order kernel F2 is only valid on quasi-linear
scales, and is expected to fail in non-linear regime. To over-
come this problem, there are several fitting formulae of F2
using N-body simulations to derive a more reliable expres-
sion for the bispectrum (Scoccimarro & Couchman 2001;
Gil-Marin et al. 2012). However these formulae are only
valid in a specific k range. For simplicity, in our analysis
we apply a large smoothing filter to the field to suppress the
small scale modes. By doing this, we may lose some non-
linear information, but we can have better analytical control.
If the results show the skew spectrum with a large smooth-
ing filter can improve the constraints, it indicates that using a
more sophisticated modelling of the gravitational instability
kernel, the analysis could further lift the remaining degenera-
cies.
In this paper, we use a top-hat windows function whose
Fourier transform is
WR(k) =
3sin(kR)
k3R3
− 3cos(kR)
k2R2
, (42)
where R is the radius of the smoothing filter. Then the
smoothed power spectra and skew spectra become
Pg,R(k)=Pg(k)W 2R (k) (43)
P(s)g,R(k)=
∫ d3q
(2pi)3
Bg(k,q,α)WR(k)WR(q)WR(α). (44)
3. SIMULATIONS
The frequently used method to seek for the information
that the multitracer technique can give us is the Fisher matrix
analysis, which is less computationally intensive. However,
due to the high correlation between power spectrum and skew
spectrum, and the complex properties of the skew spectrum
covariance, we resort to numerically computed covariance
from a suite of simulations. This is not as fast and simple
as a Fisher matrix analysis and requires access to large simu-
lations, but the results will be more reliable.
In our analysis, we use 1000 realizations from the QUI-
JOTE simulations 1 (Villaescusa-Navarro et al. 2019). The
cosmological parameters are: Ωm = 0.3175,Ωb = 0.049,h=
0.6711,ns = 0.9624,σ8 = 0.834,Mν = 0.0 eV, and f locNL = 0,
which are in good agreement with the latest Planck results
(Aghanim et al. 2018). The simulations were performed
with the TreePM code GADGET-III, an improved version of
GADGET-II (Springel 2005). All the simulations have 5123
particles in a box with cosmological volume of 1(h−1Gpc)3.
Details of the simulations can be found in (Villaescusa-
Navarro et al. 2019).
To study the multitracer technique, we use the halo cat-
alogues which were identified using the Friends-of-Friends
algorithm (Davis et al. 1985) with linking length b = 0.2
at z = 0. We divide each catalog into two parts whose
halo mass ranges are: [2.5× 1013,1× 1014] h−1M and
[1.3× 1013,2.5× 1013] h−1M, and there are 163000 and
206000 halos on average. Hereafter, we call them T1 and
T2 respectively.
It is worth noticing that these simulations have Gaussian
initial condition. Thus the constraint results for f locNL should
be consistent with 0 and the error-bars can reflect the con-
straint ability using different combinations of the power spec-
tra and the skew spectra.
We use the routine provided in PYLIANS 2 to calculate the
cross spectrum of the squared field δ 2h (~x) and δh(~x) field it-
self. Before squaring the density field, we apply a top-hat
smoothing filter with R = 20h−1Mpc. In Fig. 1 we plot the
real space power spectra and skew spectra for multi-tracers
obtained from the simulations. The data points are the av-
erage results of the 1000 realizations and the error bars are
the standard deviations of the spectra at a specific k. We also
show the theoretical predictions for the best-fit parameters
(see details in Sec. 4). The results show with this smooth-
ing choice, the standard perturbation theory is sufficient to
describe the skew spectra.
Before being able to perform a joint analysis using the
power spectra and the skew spectra, we need to evaluate the
1 https://github.com/franciscovillaescusa/Quijote-simulations
2 https://github.com/franciscovillaescusa/Pylians
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Figure 1. The measured power spectra and skew spectra for multi-tracers (dots and error bars are the average values and the standard de-
viations of the 1000 realizations), together with the best-fit theoretical models (dashed lines). The upper left panel shows the power spectra
P(1,1),P(2,2),P(1,2); the upper right panel shows the auto skew spectra P
(s)
(11,1), P
(s)
(22,2); the lower left panel shows the cross skew spectra P
(s)
(11,2)
and P(s)
(22,1); the lower right panel shows the cross skew spectra P
(s)
(12,1) and P
(s)
(12,2). 1 and 2 stand for T1 and T2 of our halo catalog.
covariance of these quantities. Since we use a large smooth-
ing filter, only the quasi-linear scales are useful. In our analy-
sis, we use the wavenumber range k= [0.0089,0.1] hMpc−1,
and there are 15 k bins uniformly spaced in log k. We arrange
P(1,1),P(2,2),P(1,2), P
(s)
(11,1),P
(s)
(22,2),P
(s)
(12,1),P
(s)
(12,2),P
(s)
(22,1),P
(s)
(11,2)
into a “data” vector P(p+s)(Ki) (i=1,...,135). In Fig. 2 we
plot the correlation matrix of P(p+s)(Ki), which is defined as
C∗Ki,K j√
C∗Ki,KiC
∗
K j ,K j
, (45)
where C∗Ki,K j is the estimated covariance of P
(p+s)
h (Ki). We
can find that the different k modes are weakly correlated even
for the skew spectra. As Hartlap et al. (2006) pointed, the
inverse the covariance matrix is a biased estimator and can
be correlated by introducing a Hartlap factor,
C−1 =
n− p−2
n−1 (C
∗)−1, (46)
where n = 1000 is the number of independent observations
and p is the dimensionality of our data.
4. CONSTRAINT RESULTS
In our analysis, we consider one of the 1000 realisations
as our mock Universe, and with the covariance form simula-
tions we can constrain the cosmological parameters by fitting
the power spectra and the skew spectra for multi-tracers. We
use four different combinations of the spectra. First we com-
bine T1 T2 and treat it as a single tracer, and constrain the
parameters using its power spectrum alone and power spec-
trum together with skew spectrum. Then we turn to use the
multitracer technique and also use the power spectra alone
and power spectra together with skew spectra.
We modify the the public software COSMOMC 3 (Lewis &
Bridle 2002), a Markov Chain Monte Carlo (MCMC) code to
perform joint Bayesian parameter inference. A simple χ2 is
3 http://cosmologist.info/cosmomc/
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Figure 2. The correlation matrix of P(p+s)(Ki)
used for parameter fitting in our analysis:
χ2 =
[
Pˆ(Ki)−P(Ki)
]
C−1Ki,K j
[
Pˆ(K j)−P(K j)
]T
, (47)
where Pˆ and P represent the model spectra and the measured
spectra, and C−1Ki,K j is their covariance after Hartlap correc-
tion. The best-fit parameters can be obtained by finding the
minimal of χ2 and the confidence regions are defined by the
surfaces of constant ∆χ2 = χ2−χ2min, where χ2min is the min-
imal value of χ2.
We start by determining the bias parameters of T1 and T2
with the other fiducial cosmological parameters fixed. Since
the strong degeneracies between biases and the other param-
eters, this step can be used to check the validity of our theo-
retical prediction without adding too many variables. Using
all the spectra for multi-tracers, the constraints are listed in
Tab. 1. We find b[1]1 = 1.451±0.013,b[1]2 = −0.714±0.026
for T1 and b[2]1 = 1.193± 0.016,b[2]2 = −0.784± 0.028 for
T2. The relationship between b1 and b2 is also consistent
with the fitting formula in Lazeyras et al. (2016); Desjacques
et al. (2018)
b2 = 0.412−2.143b1+0.929(b1)2+0.008(b1)3 . (48)
Using the best-fit bias parameters, we plot the theoretical
models with dashed lines in Fig. 1. It shows our theory can
accurately predict the measurements at linear scales.
Now we turn to constrain the cosmological and bias pa-
rameters simultaneously to investigate the extra information
Table 1. The best-fit values of the bias parameters and their
marginalized 1σ errors.
b[1]1 b
[1]
2 b
[2]
1 b
[2]
2
1.451±0.013 −0.714±0.026 1.193±0.016 −0.784±0.028
by using the multitracer technique. The parameterization we
use is
P= {As,ns, f locNL ,b[1]1 ,b[1]2 ,b[2]1 ,b[2]2 }, (49)
where As and ns are the amplitude and spectral index of the
primordial spectrum. The other parameters are fixed at their
fiducial values. In Fig. 3 and Tab. 2 we show our constraint
results. Since As,b1 and b2 are highly correlated, we con-
struct a new variable (b21As)normal ≡ b21As/(b21As)fid. For the
multitracer approach, we define this value as the average re-
sult of the two tracers. From the results, we find the constri-
ants are consistent with the fiducial values.
First, we only use the power spectrum and combine T1 and
T2, the marginalized 2-D contours are shown in blue in Fig.
3, and the constraint results for (b21As)normal,ns and f
loc
NL are
0.997± 0.024,0.969±0.058,19.4± 156.4 (68% C.L.). The
constraints get tighter when we include the skew spectrum,
−200 0 200
f locNL
0.8
0.9
1
1.1
n
s
0.90 0.95 1.00 1.05
(As × b21)normal
−200
0
200
f
lo
c
N
L
0.8 0.9 1.0 1.1
ns
Power (1 tracer)
Power+Skew (1 tracer)
Power (multitracer)
Power+Skew (multitracer)
Figure 3. Marginalized two-dimensional distributions and posterior
distributions for normalized b21As, ns, and f
loc
NL . These constraints
are obtained from power spectrum (blue) and power spectrum to-
gether with skew spectrum (green) using the combination of T1 and
T2, and power spectra (red) and power spectra + skew spectra (yel-
low) with multitracer approach. The black dotted lines are their
input values used in the QUIJOTE simulations
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Table 2. The best-fit results of normalized b21As, ns and f
loc
NL , together with their marginalized 1σ errors.
parameters power (1 tracer) power + skew (1 tracer) power (multitracer) power + skew (multitracer)
(b21As)normal 0.997±0.024 1.003±0.017 1.001±0.014 0.997±0.012
ns 0.969±0.058 0.985±0.046 0.982±0.034 0.975±0.028
f locNL 19.4±156.4 10.5±99.1 15.2±72.4 −4.8±42.2
which is already pointed in Dai et al. (2020). In this analy-
sis, the addition of the skew spectrum to the power spectrum
yields a reduction of the errors by 29%, 21% and 37% for
(b21As)normal,ns and f
loc
NL , respectively. The results are consis-
tent with the conclusion in Dai et al. (2020).
Then we turn to consider the multitracer technique.
When we only use the power spectra, the constraint
errors are markedly shrunken, and the results are
1.001 ± 0.014,0.982 ± 0.034,15.2 ± 72.4 (68% C.L.) for
(b21As)normal,ns and f
loc
NL . The constraints are reduced by
42%, 41% and 54% comparing with the single tracer case.
It shows the multitracer technique can effectively reduce the
cosmic variance, thus the amplitude parameters like b21As
and f locNL are better constrained. Due to the degeneracies
between cosmological parameters, the errors of the other
parameters will also be shrunken. Finally, we use all the
power spectra and skew spectra for multitracer approach
and the results are shown in yellow in Fig. 3, which are
0.997± 0.012,0.975± 0.028,−4.8± 42.2 (68% C.L.) for
(b21As)normal,ns and f
loc
NL . Comparing with the results using
power spectra for multi-tracers, the 1σ marginalized errors
are reduced by 14%, 18% and 42%. This reduction is due to
the extra information that the skew spectra contained. When
considering the information from both skew spectra and mul-
titracer technique, i.e., comparing with the results obtained
from the power spectrum for a single tracer, the errors are
shrunk by 50%, 52% and 73%. Both the skew spectrum and
the multitracer technique are effective methods to constrain
on primordial non-Gaussianity.
5. CONCLUSIONS
In this paper, we mainly discuss the potential power of
the multitracer technique for the skew spectrum as a possi-
ble probe of the local type primordial non-Gaussianity. The
skew spectrum is estimated by cross correlating the squared
field δ 2(~x) with the δ (~x) field itself. Computationally, mea-
suring the skew spectrum is equivalent to a power spectrum
estimation, but the skew spectrum contains parts of the 3-
point clustering information, which can be used to further
reduce the parameter degeneracies present at the level of the
power spectrum. To apply the multitracer technique, we first
review the formula of the galaxy skew spectrum which has
contributions from primordial non-Gaussianity, gravitational
instability and galaxy (halo) bias, and then generalize the the-
ory to multi-tracers to predict both the signals and the shot
noise contributions.
Since the high correlation between power spectrum and
skew spectrum and the complex properties of the covariance,
we do not apply the frequently used Fisher matrix analysis.
Instead, we estimate the covariance from a suite of simu-
lations and constrain the parameters using a joint Bayesian
parameter inference. Our method is not as fast as a Fisher
matrix analysis, but the results are more reliable.
We divide the simulated halo catalog into two parts, which
have comparable samples, and then estimate the spectra and
their covariance to perform the joint constraints. For com-
parison, we also constrain the parameters using the whole
halos. The results show that by applying the skew spec-
tra and multitracer technique, the 1σ marginalized errors for
(b21As)normal,ns and f
loc
NL are reduced by 50%, 52% and 73%.
With the forthcoming generation of wide-field galaxy sur-
veys, the use of the skew spectrum and multitracer technique
can offer us a powerful and fast way to constrain the primor-
dial non-Gussianity.
However, due to the large smoothing filter (20h−1Mpc)
adopted in our analysis, the skew spectrum only contains the
linear scale information. If we can obtain a more sophisti-
cated modelling of the gravitational instability kernel using
simulations, the analysis can be pushed to smaller scales and
further lifting the remaining degeneracies. We leave this ex-
ploration to future work.
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APPENDIX
A. POISSON SHOT NOISE OF POWER SPECTRUM AND SKEW SPECTRUM
Firstly, for a single tracer, the 2-point correlation function of the discrete galaxy field is
ξ (2)g (~x1,~x2) =
〈
δg (~x1)δg (~x2)
〉
=
1
n¯2
〈n(~x1)n(~x2)〉−1, (A1)
where
〈n(~x1)n(~x2)〉=
〈
∑
i
δD(~x1−~xi)δD(~x2−~xi)
〉
+
〈
∑
i, j
δD(~x1−~xi)δD(~x2−~x j)
〉
= δD(~x1−~x2)n¯+ n¯2[1+ξ (2)(~x1,~x2)]. (A2)
Here we need to consider the case when two points are the same, and if the points are different, it can be modeled by the smooth
correlation function ξ (2). Thus we can express ξ (2)g as
ξ (2)g (~x1,~x2) = ξ (2) (~x1,~x2)+
1
n¯
δD(~x1−~x2). (A3)
After Fourier transforming, the galaxy power spectrum is given by,
Pg,measured(k) = Pg(k)+
1
n¯
. (A4)
The shot noise contribution to the power spectrum of a single tracer is S1T(k) = 1/n¯. When we consider two different tracers, the
first term on the right side of Eq. (A2) vanish, so we have S2T(k) = 0.
To calculate the shot noise of skew spectrum, we begin with the 3-point correlation function,
ξ (3)(~x1,~x2,~x3) =
〈
δg (~x1)δg (~x2)δg (~x3)
〉
=
1
n¯3
〈n(~x1)n(~x2)n(~x3)〉−
[
1
n¯2
〈n(~x1)n(~x2)〉+2cyc.
]
+2, (A5)
where the three-point correlator of n is
〈n(~x1)n(~x2)n(~x3)〉=
〈
∑
i
δD (~x1−~xi)δD (~x2−~xi)δD (~x3−~xi)
〉
+
[〈
∑
i, j
δD (~x1−~xi)δD (~x2−~x j)δD (~x3−~x j)
〉
+2cyc.
]
+
〈
∑
i, j,k
δD (~x1−~xi)δD (~x2−~x j)δD (~x3−~xk)
〉
=δD (~x1−~x2)δD (~x1−~x3) n¯+
[
δD (~x2−~x3) n¯2
(
1+ξ (2)12
)
+2cyc.
]
+ n¯3
(
1+ξ (2)12 +ξ
(2)
23 +ξ
(2)
31 +ξ
(3)
123
)
,
(A6)
where ξ (3)123 is the continuous three-point correlation function. Using Eqs. (A2) and (A6), we can obtain the galaxy 3-point
correlation function for a single tracer:
ξ (3)(~x1,~x2,~x3) =
1
n¯2
δD (~x1−~x2)δD (~x1−~x3)+
[
δD(~x2−~x3)
n¯
ξ (2)12 +2cyc.
]
+ξ (3). (A7)
The observed galaxy bispectrum is given by
Bg,measured(k1,k2,k3) = Bg(k1,k2,k3)+
1
n¯2
+
1
n¯
[Pg(k1)+2cyc.]. (A8)
So the shot noise contribution to the skew spectrum is
S1T(k) =
∫ d3~q
(2pi)3
[
1
n¯
(Pg(k)+Pg(q)+Pg(α))+
1
n¯2
]
. (A9)
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When we consider two different tracers, for example, the 3-point correlation function
〈
δ [1]g (~x1)δ
[1]
g (~x2)δ
[2]
g (~x3)
〉
. Following the
above calculation, the correlation function is given by〈
δ [1]g (~x1)δ
[1]
g (~x2)δ
[2]
g (~x3)
〉
=
1
n¯1
δD(~x1−~x2)ξ (2)23,(1,2)+ξ (3), (A10)
and the corresponding bispectrum is
Bg,measured(k1,k2,k3) =
1
n¯1
Pg,(1,2)(k3)+Bg(k1,k2,k3). (A11)
Finally, we can obtain the shot noise contributions to the skew spectra when we consider two different tracers.
S(s)
(11,2)(k)=
∫ d3~q
(2pi)3
1
n¯1
Pg,(1,2)(k) if set~x2 =~x1, (A12)
S(s)
(12,1)(k)=
∫ d3~q
(2pi)3
1
n¯1
Pg,(1,2)(q) if set~x3 =~x1. (A13)
